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^^ , Abstract 

(N . 

We prove the exponential decay of correlations for C^-observables (0 < a < 2) 
for generic birational maps of P* d la Bedford-Diller. In the particular case of 
regular birational maps, we give a better estimate of the speed of the decay, 
getting results as sharp as Dinh's results for Henon maps. 
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1 Introduction 



in 
(N 

Q 

2 . Let / be a (dominant) generic birational map of P'^(C) a la Bedford-Diller of algebraic 

degree d > 1. In dimension 2, those maps were introduced by Bedford and Diller in 
^J . A map / is in that set of maps if it satisfies the condition: 

I oo ^ 

^: Y.^ log dist(/(/), /"(/(/-!))) > -oo 

in ; "=° 

^\ \ and 



^ -^ logdist(/(/-i), /-"(/(/))) > -oo, 
O ■ "=0 

m ■ 

where I{f^^) denotes the indeterminacy set of /^^. For such a map, the authors 
constructed an invariant probability measure /i as the intersection of the Green currents 
T^ and T^ . The currents T{^ are defined as lim„^oo (i~"(/^")*(w) where uj is the 
^\ . Fubini-Study form on P^. The measure /i is mixing [T], hyperbolic and of maximal 

entropy [TO]. The above condition is generic in the sense that starting from any 
birational map / of P^ of algebraic degree d > 2, then outside a pluripolar set of 
A £ Aut(P^), the map f o A satisfies the condition. 

De Thelin and the author generalized in [2] that family to birational maps of P'^ 
for which dim(/(/)) = k — s — 1 and dim(/(/~-'^)) = s — 1 for some I < s < k ~ 1 
(as indeterminacy sets have at least codimension 2, in dimension 2 the condition is 
always satisfied with s = 1). In that case, /^^ is of algebraic degree 6 with rf" = 5''^^. 
We gave a condition similar to the above one for which we constructed an invariant 
probability measure /i. The Green current T^ (resp. T^_^) of bidegree {s^s) (resp. 

{k~s,k-s)) is defined by lim„^ood"^"(r)*(c^^) (resp. lim„^oo rf-^"(/-")*(cj'=-^)) 
and the measure /i is T^ AT^^. The measure ^ is mixing, hyperbolic and of maximal 
entropy. The condition we gave is generic in the same sense than in dimension 2 (see 



also [U for a generalization of that result to arbitrary rational maps) . We call generic 
birational map of P*^ such a map. An interesting particular case of generic birational 
map is given by the so-called regular birational maps of P'' introduced by Dinh and Si- 
bony in [5]. That family is open (stable under small perturbations by automorphisms) 
and contains the regular automorphisms of C*^ ([12J). 

In all the above articles, mixing is achieved using the fact that the Green currents 
are extremal. Although beautiful, the proof is not direct and uses extraction of sub- 
sequences. In particular, no speed of mixing is obtained. Our main result here is the 
following theorem of decay of correlations for C"-observables (0 < a < 2). Not only 
does it implies mixing, but it gives precise estimates which is what is important in 
practice (for example, for meromorphic maps of large topological degree, exponential 
decay implies the central limit theorem for bounded q.p.s.h-observables [S]). Finally, 
one of the main topic in dynamics is to classify the different dynamics, namely we 
want to know if two different dynamics are conjugated and what degree of regularity 
can be achieved for the conjugacy. Decay of correlations for C"-observables can give 
evidences that two dynamics are not conjugated in C", since if one dynamics has ex- 
ponential decay for such observables and not the other (or with a different exponent), 
then they cannot be conjugated (mixing only gives results for mesurable conjugacy). 
We now state our theorem: 

Theorem 1.1. Let Lp and tp be two functions in C", < a < 2. Then there exists a 
constant C'a independent of ip, ip such that for all N G N; 

^i{pof^4)~^l{^)^l{i,)\ <c^M\cAmc''d''^ (i) 

Assume furthermore that f is a regular birational map, then we have: 

^i{^of^.i;)-^,{^)^,{i,)\<c^\McAmc-d-^ (2) 

Exponential decay of correlations is a classical question in complex dynamics and 
some results have been achieved. This paper is particularly interested in Dinh's results 
([!]) where he proves exponential decay of correlations for regular automorphisms of 
P'^. He made the technical hypothesis that 2s = k (in particular, k is even, that is 
the case for Henon maps of P^ where s = 1). Nevertheless, his proof works for any 
regular automorphism with little modifications. We now benchmark our results with 
his. Consider the above theorem: 

• In the case where k — 2, then we obtain a decay in d~^ in the generic case. 

• In the regular case, assume as in [4J [Theorem 1.1] that 2s — k, then we get a 
decay in d^ ^ and our results extend the ones of Dinh (and are thus as sharp as 
them) . 

Now, it is not clear whereas the decay we have in the generic case is the sharpest one 
can get. A better statement would be to prove the following: 

^i{^of^.i;)-^Ji{^)^i{i;)\<c^McAmc''d-'^ (3) 

for all < a < 1 (a < 2 seems too optimistic). 



Exponential decay has also been proved in the following birational settings: for 
automorphisms of compact Kahler manifolds {\E]) and for invertible horizontal-like 
maps ([9j[Theorem 5.1]). Note also the case of meromorphic maps of compact Kahler 
manifolds of large dynamical degree (|5J) which has inspired this article. 

Let us sketch (very roughly) the proof of the decay of correlations in [4J . The author 
first proves exponential rates of convergence to the Green currents and to the Green 
measure for the limit of normalized pull-back and push- forward of suitable currents and 
their wedge product (using a dof^-argunient). He then considers the map F = {f,f~^) 
which acts a priori on (P'')^ but he shows that it can in fact be seen as acting on P^*^ 
as a regular automorphism of C^*^ (this is where the hypothesis 2s = A: is used, one has 
to work in (P*^)^ otherwise). Write C^*^ = C*^ x C'^ and let x and y be the coordinates 
on each term of the product. Then he observes: 



^li^ o /^'V) = Kv^ ° rV ° rn = / M^my)) ° f-^x, y)T+ix) a t-_m a [A] 

Jp2k 

(4) 

where [A] is the diagonal on C^*^. Using the invariance of the Green currents, he 
writes it down as {(p{x)%lj{y)T^ [x) /\T^_^{y), (d~^*"F")*[A]) and he then uses the fact 
that [A] is a suitable current (that is the estimates he had for the convergence of the 
measure apply here) . The strategy is the same in [§1 f9] . 

In this article, we cannot use that approach as the map F would be a birational map 
of (P'^)^ that does not deal nicely with the diagonal. Instead, we do write a formula 
similar to ([¥]) but we decompose the diagonal into two terms: its cohomological part 
plus a term in ddf^V where V^ is a quasi-potential of the diagonal. The first term is 
controlled by the results of Section |3] where we give a new proof of the existence of the 
measure ^ with an explicit rate of convergence. More precisely, we show that for a test 
function in C^ the sequence {if o f^T^ .ijj^'") converges to {^,tf) exponentially fast 
(see Proposition 13. II) . we give a better estimate in the regular case for C^-observables. 
The ideas are inspired by the d-method of [5J but, here, we work on the current T'^ 
instead than in the ambient P*^. For the second term, we use suitable Stokes formulae 
and Cauchy-Schwarz inequalities in Section U] in order to bound the term by quantity 
of the type: 

/ {rr{uj{x)ATnx))AT^_M^y 

■/(P'=)2 

which can be interpreted as (C/^- , {f'^)*{uj{x) A T+(x))) where Uj,- is the Green 

k — s k — s 

quasi-potential of T^_^. 

The main difficulties in this article lie in the fact that we are dealing with cur- 
rents of higher bidegree (and not just (1, 1) currents) and the indeterminacy sets are 
not trapped in some particular region of the space (it is the case for regular maps 
though) and can very well be on the support of the measure. In particular, most of 
the manipulations (wedge product, Stokes formula . . . ) we want to do are not clearly 
defined. In order to overcome that difficulty, we regularize almost everything and use 
special dynamical cut-off functions. We then use pluri-potential and super-potential 
([7]) theories to pass to the limit. In Section [51 we start by recalling the facts we 
need on super-potential theory and on generic and regular birational maps of P*^. We 



also give the construction of the cut-off functions we use. The reader unfamiliar with 
super-potential theory can stick to the case k = 2 where all the currents are of bidegree 
(1,1)- 

2 Settings 

We recall basics on super-potentials ([7J and the appendix of [2 ). Let Cq denote the set 
of positive closed currents of mass 1 and bidegree (q, q) in P*^' for < g < fc. For T G Cq, 
we consider some quasi-potential Ut of T (that is T = uj"^ + dd'^Ur, see j7j [Theorem 
2.3.1]). We define the super-potential Ut associated to the quasi-potential Ut as the 
function on Ck-q+i defined for S smooth by: 

Ut{S) := {Ut-.S). 

This definition can be extended by sub-harmonicity along the structural varieties to 
any S G Ck-q+i allowing the value — cxd. The mean of a super-potential is then 
rriT '■= Ut{uj^~'^^^) and the super-potential of a current is uniquely defined by its 
mean. This is one of the strengths of super-potentials: quasi-potentials differ by a 
dd'^-closed form which can be a highly irregular object whereas super-potentials are 
defined up to a constant. We say that a sequence T„ € Cq converges to T in the 
Hartogs' sense (or H-converges) \i Tn ^ T in the sense of currents and if we can 
choose super-potentials (Wt„) and Ut such that 7tt,t„ ^ rnx and Wt„ > Ut for all 
n. In that case, if S'„ — ?► 5' in the Hartogs' sense in Ck-q+i, then UT„{Sn) -^ Ut{S). 
A current is said to be more H-regular than another one if for the right means, its 
super-potential is greater than the other. All the classical tools (intersection, pull- 
back), well defined for smooth forms can be extended as continuous objects for the 
Hartogs' convergence and any such operation well defined for a given current T is also 
well defined for a more H-regular current: 

• We say that T E Cq and S G Ck-q-r are wedgeable if Ut{S A fi) > — cx) for some 
smooth f2 G Cr+i- That condition is symmetric in T and S and if it is satisfied 
we can define the wedge product T A S with the above continuity property. If 
T' and S' are more H-regular than T and S then T' and S' are wedgeable and 
T' A S" is more H-regular than TAS. li R G Cr, S G Cs a,ndT e Ct {r + s + t < k) 
are such that R and S are wedgeable and R A S and T are wedgeable then the 
wedge product R A S AT is well defined and that property is symmetric in R, S 
andT. 

• Similarly, for T G Cq, we say that T is /*-admissible if its super-potential is 
finite at some current of the form d~_^_if^,{S) for S G Ck-q+i smooth near /(/) 
{dq^i is the normalization so that dT^j^/, (5) is of mass 1). For such current, 
we can define its pull-back with the above continuity property. If T' is more 
H-regular than T then T' is also /*-admissible and d'Z^f*{T') is more H-regular 
than d-^f*{T). 

In [5], intersections of currents are defined in the sense of super-potentials. It 
turns out that every object can be written in terms of intersection of (1,1) currents 
and quasi-plurisubharmonic functions (qpsh for short). In that setting, if T G Cg and 
S = uj+dd^u G Ci, then the wedge product SAT is defined by uj AT + dd'^ (uT) provided 
that u G L^{TAijj^^^). In particular, \i Si = uj+dd'^Ui G Ci for i < j, the wedge product 
S'iAS'2 A- • -ASj is defined inductively provided that Ui G L^{Si+iA- ■ • A S'jtj'^+^~^~*). 



It turns out that the wedge product is symmetric with respect to the Si and Ui G 
L^{Si^ A • • • A Si^ A w*^"™) for all choices of ii. This definition coincides with the 
definition by the super-potentials so this wedge product depends continuously on the 
Si for the Hartogs' convergence ([J [Section 4.4]). Note also that Hartogs' convergence 
of Si^m to Si in that setting is implied by the fact we can choose the quasi-potential 
Ui,m of Si^rn sucli that it dccrcascs to the quasi-potential of Si. Finally, we have that 
S" is more iJ-regular than S if and only if we can choose quasi-potentials u' of S' and 
M of 5' such that u' > u. 

We now give the properties of the generic birational map / we will need (see 
[2] [Corollary 3.4.11, Theorem 3.4.1, Theorem 3.4.13]). As we mentioned in the intro- 
duction, we have that /"""^ is of algebraic degree 5 with d^ — 5^^^ . For < q <k, there 
exists dq such that for all S E Cq /*-admissible then f*{S) is of mass dq. For all q < s 
and all S G Cq /*-admissible then f*{S) is of mass d'', similarly for all g < k — s and all 
S G Cq /^-admissible (that is to say (/~^)*-admissible) then f*{S) is of mass S'^. In par- 
ticular, dq = d'^ ioi q < s and dq — 5^^'^ for q > s. The Green current T^ is a positive 
closed current of order 1. It is the limit in the Hartogs' sense of l/d"(/")*(a;) and it is 
invariant (/*T+ = dT+) (see [H]). Similarly, T^ = lim„^oo (5""(/")*(a;) e Ci satisfies 
/^T]" = ST^ . Then, r+ G Cg the Green current of order s is equal to (T^)^ and is in- 
variant f*T+ = dT+ (similarly T^-_^ = (T^)''-'' G Cks satisfies f*T^_, = 5'''''T^_^). 
Finally, T+ and Tjjl^ are wedgeable and the intersection /i := T^ AT^_^ is an invariant 
probability measure. We have that /i integrates the quasi-potentials of T^ and Tj^ 
(and thus logdist(a;, /+) and logdist(a;, /")). In the formalism of super-potentials, this 
means that Urp+ (r+ A T)JLs) > — cxd. Standard arguments of Hartogs' regularity imply 
that for any S E Ci more H-regular than T^ (in particular for T^, uj and the current 
T„ defined below) then S and r+ are wedgeable and S A T'^ is (/")*-admissible and 
for any Q more H-regular than T~ then Us(Tt A Q) is finite. The measure /i gives no 
mass to pluripolar sets (hence to proper analytic sets). 

If, in addition, / is a regular birational map then we also have that the super- 
potential lAj.Jr- (resp. Urj,- ) is uniformly bounded at any current with support in 

supp(TjJ^^) (resp. supp(T+)). This is in fact a weaker property than the one satisfied 
by regular maps for which the Green currents T^, j < s, are PC in a neighborhood 
of supp(rj^^) (see [5]]Theorem 1.2], the same property holds for the T~, j < k — s). 
The sharp estimates we have in the regular case extend to such a map (but we do not 
have any meaningful examples outside regular maps). 

We will need the following cut-off function XA, its construction follows ideas of [llj. 
Let h E C°°(E) be such that < /i < 1, /i = for x < -2 and /i = 1 for x > -1. 
Let Vn be a quasi-potential of (l/(i)"(/*)"(a;). Then «„ is smooth outside I{f'^) and 
has singularities in 0(logdist(a;, /(/"))) (see [5][Lemma 3.2.4]). Substracting a large 
enough constant to w„, we can assume that the function Wn '■= — log — «« is qpsh and 
in W* : it satisfies r„ := dd'^Wn -I- w > and dwn A d'^Wn < T„ (see ^ ]Proposition 
4.7] or [13]). Since u;„ > d„, we have that T„ is more H-regular than (l/(i)"(/*)"(w). 
Now for A > 0, we consider the smooth function: 

XA := h (- 



Then (up to substracting a large enough constant to i;„), there exists a constant C 
that does not depend on A such that: 

• dxA A d^XA = I'' '^'"^l dwn A d^w^ < ^r„. 

• Q<^{T,,+uj)±dd^XA- 

• XA = in a neighborhood of I{f"') 

• hm^^oo 1 — XA \ l/(/") where !/(/'•) is the indicator function of /(/"). 

3 Construction of the measure 

Let (/3 G C^. We define the quantity c„ and the function ipn by: 

fc„:=/p..r(^„-i)r+Ac.'=-^ 
[fn := /*(<P«-i) - c„ 

with Co := Lfc '/'T's'' A w'^^" and (^o := 'z' ^ cq. Observe that those quantities are weh 
defined since f*{fn-i) is smooth outside (^k<nf^^{I) which is an analytic set that 
has no mass for T+. By construction, we have: 

n „ n 

(/")*<^ = Vc, + </p„and / </,o/"r+Aw^ = Vci. 



Hence, the following proposition shows in particular that T+ A d ""/"w*^ " converges 
to /i in the sense of currents with exponential estimates for C^-observables. 

Proposition 3.1. There exists a constant C , independent of n and Lp such that 

|c„|<CV^""||^||c.i. (5) 

Consequently, \^J.i(pn)\ == |m('/') - J2o <^i\ < ^^ W^Wc^- 

Assume furthermore than ip E C"^ and that f is a birational regular map. Then 

|c„| < C(5-"||^||c2. (6) 

Consequently, \^J.{(pn)\ = Iti-iv) - J2o '^i\ < C'(5""||(p||c2. 

Proof. We explain in details the approximation's arguments as we will need them in 
several places. 

Step 1. The case n = is clear. We claim that: 

c„+i- / ^„r+ACV*(^'"'). (7) 

Assume first that ipn is continuous. We have that: 

c„+i= / r(^„)r+A^'=-^= / r(^„)lr(^+)A^'=-^ 

./pfc ./pfc da 



Let T^^ be a smooth approximation of T^ (in the sense that it H-converges to 
Tj+), then the quasi-potential d-'^f*{T^J also H-converges to d-'^f*iTj^). Then, 
l/dsf*{{T^J') converges to l/4/*(T+) and thus l/dsf*{{T^,^y) Aoj''-' converges to 
T+ A w*^^* in the sense of currents and T+ A w'^^'' has no mass on /(/) as T+ does not. 
Similarly, as T+ and (ij^/*(w)'^~'' are wedgeable {dj^f^{uj)''^'' is more H-regular than 
Tk-s)i (.T^,ey ^ d-^f*{'^f~' converges to T+ A l/4/*(w)''"" in the Hartogs' sense 
(hence in the sense of currents). In particular, since f*{fn) £ L}^t ^ i^^~^) and V5„ 
is continuous, c„+i is the limit of 

/ r(<^„)i/4r((r+,r)Ac.'=-^= / iKr(^„(T+j^)Aw^-^ 

l/d,J*{ipn{T+J)Au;'^-' 



k—s 



Hence ([7]) stands for (p„ continuous. An approximation of (/3„ gives the result by dom- 
inated convergence. 

Step 2. Let T^^ be as in the previous paragraph. Let S^ be a smooth iJ-approximation 
of 5^^ f^{u]) = cj + dd'^u so that u^ is a quasi-potential of S^ that decreases to u. We 
claim that: 

c„+i = lim lim / ip^dd^u^ A (r+ )" A Re (8) 

e-s-Oe'— >-0 Jpfc 

where R^ = Eto"^ •S'e A w'^-^-^-^ 
Indeed, we write that: 

^f^ii^'"-") = Lj''-' + dd^iu A R) 

where R — Ei=o' '^ V*(i^)* A w''^*^^^* is a positive closed current (of mass k — s). 
In particular, w A i? is a quasi-potential of l/(is/*(aj'°~'^). Similarly, u^Re is a quasi- 
potential of S*^^" and R^ is a positive closed current (of mass k — s). We have that 5^"* 
converges to l/dsf^,{'jJ^~^) in the Hartogs' sense. Continuity of the wedge product in 
that settings implies that {T^^,Y ASe~'^ converges to T+ AdJ^/*(a;'^~'') in the sense of 
currents (and Re ^ R in the Hartogs' sense). In particular, since (^„ £ L°° is smooth 
outside /(/") and /(/") has no mass for T+ A d~^ f^,{oJk-s) (indeed, T+ A T^^_^ gives 
no mass to I{f") and dj^ f^,{ujk^s) is more H-regular than T^Jl^ hence neither does 
T+Ad-V*(c^fc~s)): 

c„+i = lim lim / ^n{T+Y A {uj''-' + dd'={ue A i?^)) 

e— >-0 e'— »-0 Jpfc 

= lim lim / (p„(r+ )"Aw''^~''-|-lim lim / LpJT+,YAdd''(ueARe)- 

The first term converges to J^^. ipnT^ A cj'^^'* = by construction. Now, as dd'^{ue A 
Re) = dd'^{ue) A Re, Step 2 follows. 



Step 3. We prove ([S])- Observe that (p„ is in the Sobolev space H^ since d(/5„ A df^ifn — 

12 



{D*{dipAd''(p) < \\ip\\l,{D*{uj) (this even impUes that V3„ e W* by f5]). By Stokes, 



we can then write: 

ifindd^u^ A {T+^,y /\Re^ -dipn A d^u^ A (T+^O" A i?^. 
We write (the function XA was defined at the end of the previous section): 

-dipn A d^u^ A {T+^,y A i?e = 

pfe 

-XAdy'n A d^u, A (r+^,)' /\Re+ [ {XA~ l)dipn A d^u^ A (T+^,)' A R, 

pk ■ Jpk 

= 1 + 11 

with obvious notations. The first term converges, when e' — > to: 

'XAd(pn A d^Ue A T+ A Re- 

By Cauchy-Schwarz inequality, we have that: 
XAdLpn/\d'-UehT+ AR, < 

I I XAdifn A dV« hT+ ArX ( I XAdu, A d'^u^ AT+ ArX . 

Using difn A (i'^iy9„ < ||(p||^i(/")*(w) and since /" is smooth on the support of XA, we 
have: 

XAdVn A dV« A T+ < XAMl.im^) A ^(r)*(T+) 

<xAii¥>ii^.^(rr(^Ar/). 

Then, we have that (j^^ XAd(fn A d^(pn A T^"*" A R^) ^ is bounded by: 

<\/^""(fc-s)||(p||ci, 

as the last integral can be computed in cohomology (A; — s is the mass of i?^ and 
ds+i = (J*-'"*"^). The integral Jp^ XAdue A d'^Ue A T+ A i?^ can be bounded by /p^ dwe A 
d'^u^ A T^^ A -Re which by Cauchy-Schwarz inequality is just: 

-Ue Ad^We AT+ Ai?e. 

Since the quasi-potential u is integrable with respect to r+ A l/ds/"(w'^~*) we have 
by Hartogs' convergence that that quantity converges (when e — > 0) to the finite value 



J ud(FuT^ A R hence it is bounded for e small enough. In particular, / is bounded by 

C||(/3||(7i\A5 , which is exactly what we want. 

We show now that // can be taken arbitrarily small for A large enough independent 
of £, e'. By Stokes: 

// - / (1 - XA)^n A dd'u, A {T+^,y A Re~ 

Jv'' 

iPndxA A d'^u, A {T+^,y A R, 
= 11' + 11", 
again with obvious notations. Then: 

//'= / {l-XAWniT^r AS.AR,- f il-XA)VniT+^,y/\ojAR,. 

Jpk Jpk 

Since ||<Pri||oc is finite (say < C2), we have the bound: 

\II'\ < C2{ / (1 - XA){T+,,r A 5, A i?e + / (1 - XA){T+,,r A c. A R,). 

Jpk ' Jpk 

The integral J^^ (1 - xa){T^^^,Y AS^AR^ converges when e, e' ^ to /p^, (1 - Xa)T+ A 
(5^^/, (a;) A R which can be taken arbitrarily small for A large enough (recall that 
T+ A (5~^/*(a;) A R gives no mass to I{f^)). For the same reasons, the second integral 
can be taken arbitrarily small for A large enough. 

Now the term //" can be bounded by Cauchy-Schwarz inequality: 

\II"\ <( f dxAA d^XA A {T+^,r A R,] ' ( I du, A d'u, A {T+^,y A R^] ' 

where T„ was defined in the paragraph defining XA- In particular, the first integral can 
be computed in cohomology and is equal to A^'^{k — s) hence it tends to (uniformly 
in e, e'). The second was bounded in the previous paragraph. 

Summing up, we get that there exists a constant C that does not depend on n 
or Lp such that |c„| < Cy/5 \\ip\\c^. This gives (O and the speed of convergence 
\t^{v) ~ X^o "-il — C'-\/j ||<(2||ci follows by classical series' arguments {^{(p) = X] ^i 
hence pi((p) - ^"^^ c^ = Ej>„+i <=«)■ 

Step 3'. Assume now that / is a regular birational maps of P''" and that (p E C'^. We 
have that ||(/3||c2a; ± dd'^ip > 0, hence \\(p\\(j2{f^)*{uj) ± dd'^tpn > 0. It implies that (p„ 
is dsh (difference of qpsh functions). Then Stokes formula implies: 



^ndd^u, A iT+^,y AR,= / u.dd^^n A (T+^, )' A R,. 

pk ' Jpk 

As in Step 3, we write it as: 

XAUedd^^^ A {T+^,y A i?e + / (1 - XA)Uedd'^n A (T+^,)' A Re 
pk ' Jpk ' 



When e' — > 0, the first integral converges to (every term is smooth): 



By invariance, T+ = d^ "(/")*(r/) and since /" is smooth in the support of XA^ we 
have that: 

< -XAUeM\c-d-^{.rr{^ A r+) A i?e ± XAU.dd^^^ A T+ A R, 
(recall that u^ < 0). Hence, we have the bound: 



XAUsdd'^ipn A T+ A Re 



< 



Mc^d;^\rri^^T+)AueRe. 



Then the previous quantity can be written as: 

-Mc^^Ue{d;-,{rncjAT+)) 

where U^ is the super-potential of S"^"" associated to the quasi-potential u^Re- Hence, 
by continuity for the Hartogs' convergence, it converges when e — )■ to: 

-Mc^^u{d;^^{rn^AT+)) 

where U is the super-potential of dj^f^,{uj''~'') associated to the quasi-potential uR. 
Recall that by [5], Z// is uniformly bounded at any positive closed current of mass 1 
and support in Supp(r+) which is the case of d~_^j(/")*(a; A T'+). This bounds the 
previous term by C|j(/?||c:2(5~" where C does not depend on n nor ip. 

Now we show that the second integral J^ki^ — XA)uedd'^tpn A {T^^,Y A R^ can be 
taken arbitrarily small for A large enough. We could use simpler arguments (using the 
fact that u is bounded near lif"")) but we will need the following arguments later on 
hence observe that we will not use that / is regular here. As in Step 3, we use Stokes 
formula to write it as: 



dxA A d^ifn A iT+^,y A i?e + / ixA- l)du, A (i>„ A (T+e')' A Re 



Consider the first integral, by Cauchy-Schwarz inequality: 



pk 



UedXA/\d''ipnAiT+^,y ARe 



< 



-UedXA A d^XA A {T+^,y A Re 



-Uedifn A dV„ A (^1+,,)' A R, 

/Suppx^ 

The first integral of the product can be bounded by: 



A^ 



■TnA{T+^,y^R^ 



which converges to: 



— r„ A T/ A R. 
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when £, e' — > which is finite since u £ L^{T^ AT^ A {T^Y^^) ( r„ is more H-regular 
than (l/(i)"(/*)"(cj) hence than T^). FinaUy, it can be taken arbitrarily small for 
A large enough. Similarly, since dfn A dPfn < \W\\c^d~'^ {f^)* {uj) and using the fact 
that u G L^{T^ A T+ A (T^)"^^) we have that the second integral of the product is 
bounded. In particular, the integral: 

u.dxA A d'^ipn A {T+^,y A Re 

can be taken arbitrarily small for A large enough. 

To conclude, we have to show that Jpk{XA — l)cfue A d'^fn A {T^^,)'' A R^ can also 
be taken arbitrarily small. We recognize that it is the same integral than the integral 
II in Step 3 (up to exchanging d and d'^). Hence it goes to which proves © (again 
Ia*(<^) - Eo c»l < C''5-"||(^||c2 follows directly). D 

4 Decay of correlations 

We now prove: 

Proposition 4.1. Let Lp and ip in C^ , < a < 2, then there exists a constant C that 
does not depend on ip and -0 such that: 

Vn, m, |Ai(^or.0o/-")-^(^).^(^)|<C||^||c2||^||c^(V^"" + Vd"'"). (9) 
Furtheremore, if f is a regular birational map then we have the estimate: 

Vn, m, |M^o/".Vo/-")-/i((p).^(V')|<C||^||cHlV'llc^('5-" + d""). (10) 

Proof. We consider the general case first and we will say after what are the easy 
modifications when / is regular. 

We apply the results of the previous section and decompose (p o /" into cq + ■ ■ ■ + 
Cn + ^n- Replacing / by /^^, we can write ip o f~"^ as Cq + • • • + c^^ + Tp„i where 
J ipmU}'^ A Ti7_^ = 0. Then, we have by Proposition 13.11 that c^ < C^/d ||V-'llci ^nd 

In particular, we have that (^ is invariant): 

n n 

l^iv)^^(^t+ tKVn), tlW='^c',+ fj.{ijm)- 


Hence: 

n n 

fi{^ O r.V. O /-") = ^((^ C, + ^n){J2 < + ^rn)) 



= KiKf) - Kfn) + <^n)-(M('0) - M(V'm) + V'm))- 

After simplifications, we deduce: 

^{(fi O f\llj O /"") - fi{ip).fl{tp) = fJ.{(pn1pm) - ^i{^n)tMm)- 
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By Proposition 13. 11 we have that \fj,{ipn)fi{tpm)\ < C^||(y5||ci|!^llciv^ v^ (which 
is indeed < C|j(p|Jc'2||?/;|j(^2(-\/^ + \/d ) where C does not depend on n, m nor the 
test functions). So ah there is left to do is bounding fi{(pniprn)- We write: 

^l{(pn■'^P■m) = / (pnix)il^miy)Tj'ix) A Tf7_Jy) A [A], 

where x denotes the coordinate on the first P*^, y the coordinate on the second P*^ 
and [A] is the current of integration on the diagonal A of (P*^)^. We write [A] = 
^j^gW*(a;) A ijj^^^{y) + ddf^V where V is the negative quasi-potential of A given in 
[7][Theorem 2.3.1]. Bidegree's arguments imply that: 

M('^n-'/'m)= / Vn{x)i^.^{y)T+{x) ^T^_^{y) ^u''-'{x) ^u:'{y) 

'-•)2 

(p„(x)V,n(y)T+(x) A T^_M A dd'V. 



By Fubini, the first integral is (recall that J ipnT^ A w''"'' = by definition). Let 
XA be the cut-off function defined earlier and let £,a be the similar cut-off function 
associated to I{f^"'). Then we have that: 

/^((/5„.V'm) = lim / XA{x)ipn{x)^Aiy)->Pmiy)Tj'ix) AT^_^{y) Add^V. 
Now, let T^^ and T^J^^ ^ be Hartogs' approximations of T^ and Ti^_^, then: 
^J,iipn■■^P■m) ^ Hm lini / XAix)ipn{x)Uiy)il^m{y)-7;^iryT+eix) 

A^ooe^Q J,pky2 dg 

A^(r)*r,7_,,,(2/)Add^y. 

We apply Stokes formula twice, this gives sixteen terms (we left the writing of the full 
expression to the reader). Let us show that every one of these terms with a dxA, d'^XA, 
or dd'^XA can be taken arbitrarily small for A large enough independently of e (same 
thing for ^a)- First, we consider the terms: 



)fc\2 



^A{y)^Jmiy){dxA{x) A d^ipnix) + difnix) A d^XA^x)) (11) 

A ^(r)*r+ (a;) A ^(/'"),T-_,,,(y) A V. 

Using Cauchy-Schwarz inequality (see [3] [Chapter III] for bases on (strongly) positive 
currents), we have that its square is less than: 

Ci f -d^nix) A dVn(a:) A -i(/")*T+,(x) A -L(/™),r-_, ,(y) A V (12) 

X / -dxAix) A d^XAix) A -i(r)*T+ (x) A i-(/'"),r,-l^ ^(y) A V 
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where Ci — \\tpm\\1o- We show that the first term of the product is uniformly bounded 
for e small enough. As in the previous section, we use that dtpnAd'^'Pn < ll'Pllci(/")*'^- 
Observe that the integral can be taken outside I{f"), so the term is bounded by: 

Now, if pi and p2 denote the projections from (P'^)^ onto its factors and i? is a positive 
closed current on P'^, we have that (pi)*(p2(-R) A V) is the Green quasi-potential of 
R (see [^[Theorem 2.3.1]) that we denote by Ur.- Here, for R = ■3^(/'")*7V_,^^, we 
have that the term is bounded by: 

-Il<^llci / ^(/")*(^AT+jA(7i ,.„. J,- . 

The following lemma will give us the needed estimate. 

Lemma 4.2. There exists a constant K independent ofn such that for s small enough: 
1 



*s+l 



-(/")*(. A T+) A C/.(,„)^^-_ 



< kVs , 



(13) 



-^(n,(^Ar,7_,,jAf/^(^„).^+^ 



< 



kVT. 



(14) 



Proof of the lemma. In terms of super-potentials, the integral in (|13|) can be written 
as: 






-^(r)*(a.AT+)). 



The current T+, converges to T+ in the Hartogs' sense hence a; A T+, converges to 
a; A r+ in the Hartogs' sense. The current a; A T^ is (/")*-admissible since its super- 
potential is finite at T^L^ = rf7"(/")*(TV_J. Since, T'^^ ^ -> T^L, in the Hartogs' 
sense and T^_^ is /"-admissible, we have that when e — > 0: 



,m(/")*rfc-s,e ^ Jm (■^"')*^fc- 



Tr 



in the Hartogs' sense. Now, continuity of pull-back and evaluation for the Hartogs' 
convergence implies that: 



U 1 



iP^),T- (;^(n*(-AT+))^W (^(/»)*(,.Ar+)) 



Since T^ and T+ are wedgeable and T^ AT+ is a (/")*-invariant current ([2j[Theorem 
3.3.8]), we have that Wj,- (d^(/")*(7'rAr+)) is well defined and equal to Z^^- (Tf A 

r+) (hence it is bounded). By difference, we have to control (we extend the definition 
of super-potentials by linearity to linear combinations of positive closed currents): 

^Tr {-^{rridd'U AT+)). 
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We can choose a particular super-potential of T^_g (that will just change the result 
by an additive constant). So we choose the super-potential defined by the quasi- 
potential Uj,- A Q where Uj,- is a quasi-potential of Tj^ and Q is the current Q — 

Eto'"^(^r)' ^^''"''"^"' (recall that T-_^ ^ (Tf )'=~* in the sense of super-potentials 
and use [2J [Lemma A. 2.1]). So we have to control (everything can be written in terms 
of (1, 1) currents and qpsh functions): 

(Ut- a 0, :i^irndd^U^- A T+)). 

"■s+1 

Now, in order to do the following computations, one should, exactly as in the previous 
section (Step III'), H-regularize every term in order to deal with smooth forms and use 
the cut-off function XA to show that nothing happen on I{f^)- Though we will not 
do that in order to simplify the exposition, it is what we do implicitly, the arguments 
being exactly the same than in the previous section. Now using Stokes formula, we 
write the previous term as: 

-{dUr- A Q, -^{rnd^U^- A T/)). 



Using the invariance of T+, it is: 



-idU^r A Q, -^^d^irnUT-) ^ T+). 
Now, applying Cauchy-Schwartz inequality, it is bounded by: 

° ' ' dUr^- A d^Ur^- A Q A r; 



"'s+1 



dirnu^-) A d^irnu^-)A q a ^,^ 

The first integral is bounded since the quasi-potential of Tj^ is integrable with respect 
to fi = T^ AT^_^ and Q is a combination of terms more H-regular than {T^^Y^^. The 
second integral can be written as: 

diryU^- A d^irrUr- /\T+AQ = J l-{ry{dU^- a d-U^- a T/) a Q, 

this is where one should use the cut-off function xa to show that there is no mass 
on /(/") and then use that d7"(/")*(T+) = r+. Pushing forward and using Stokes 
formula, we write it as: 



-^(-U^- A dd'^Uj,^ A r+) A — - 



Now as ds+i = S '^ , we have that 

fc-s-l 



^in*Q- E (T,-r ^ ,.'j ry-'-'-'-' 
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Since: 



i^i-y ^ siu-L-iyA n.-"—'-' ^ T-^s^^ = {T^f—' 



in the Hartogs' sense and C/^,- is integrable with respect to T+ A T^,_^. each quantity 
/ -Urj.- A dd^Urj.- A r+ A {T^Y A _;(,_, j:i_,)„ (/"),a;'--''-i-' is uniformly bounded by 
a constant that does not depend on n. Hence: 

-C/j,- A dd'U^- A r+ A -^(/"),Q 

is bounded by a constant that does not depend on n. Using that d" — S^d^^i gives 
(fn)l . the proof of ((HI) is the same. D 

In particular, the first term in the product of (J12p is bounded and using that 
ds = Sds+i we have proved: 

-d^Ux) A d^ip^ix) A -L(/"rr,+ (a;) A -l(/™),r,7_,,,(y) A ^ 

<ll¥'ll^.^ (15) 

(we will need the above precise bound later). We show now that the second term of 
the product in (|T2]) . denoted by Ia, goes to when A —>■ oo. Recall that the function 
XA satisfies dxA A d'^XA < -^Tn where T„ = dd'^Wn + w (see the paragraph at the end 
of Section [2]). Hence I a is bounded by: 

i.). -i^^" " ^(/'T(T^.(.)) A ^^in.T^^ay) A V 

As above, we write it as: 



I->"^^(^")*(^-)^^^ 



(/'").T.7_, 



In terms of super-potentials, the previous quantity can be interpreted as: 

>^(/-).T,_(^"A-l(rT(T+(x))), 

where U i ..„-, rp- is the super-potential of -kT(f"^)*Tu_^ ^ associated to the Green 
quasi-potential U i , fm-. j^- . Since r„ is more H-regular than T, and since T, and 

d^rlJ '"-'-k-s.s 

r+ are wedgeable we can use the same arguments than in Lemma 14.21 to show that 
the above quantity converges to: 

Uj,- (T„ A T+) > -oo. 

In particular, dividing by A^ gives that the term Ia can be taken arbitrarily small for 
A large enough independently of e. So, the term (llip can be taken arbitrarily small 
for A large enough. 



15 



The same computations give that the terms in dxA A d'^V'm + dipm A d'^XA, d^A A 
d'^fn + d^pn A d'^^A, d^A A d^rpm + dipm A d'^^A can all be taken arbitrarily small for A 
large enough. Now, we consider the term: 

U{y)^.n{y)Vn{x)dd^XA{x) A i-(r)*T+ (x) A -L{r)^T^_^Jy) A V. (16) 



'") 



'A;\2 



d"' ' "'^^ ' d" 



Recall that < ^ (r„ + w) ± dd'^XA where C is another constant that does not depend 
on A. Hence: 

C" 

< — (r„ + w) ± iA{y)i'm{y)^>n{x)dd''xA{x)dd''xA 

where C" = ||'0m||co||'/'n||ooC' is a constant that does not depend on A. Hence the term 
P^ is bounded in absolute value by: 

? / -(r„ +^) A -1(/")*(T+ (:.)) A l-Xr\T^.Uy) A K 

The same argument that above (r„ + w is more H-regular than Tj^) implies that this 
term can be taken arbitrarily small for A large enough independently of n and ra. By 
symmetry, the term in dd'^^A can also be taken arbitrarily small for A large. 

So all there is left to bound are the following terms: 

XA{x)U{y){d^n{x) A #v™(y) + #m(y) A d-^nix)) A i- (/«)*r,+ (a;) 

A^(/™)*T,7_,,,(y)AF, 

XA(x)eA(y)^™(y)ddV„(x) A -i(r)*T+ (x) A -L(/'"),r,-_,_,(y) A V, 
(pfc)2 a^ a^ 

XA(x)eA(y)¥'n(y)dd^V'™(y) a -i(/")*T,+ (x) a -L(/™),r,-_,.,(y) a v. 
(■pfc)2 Og a^ 



The first one of these term is bounded by Cauchy-Schwarz inequality by: 



d^nix) A d>„(x) A -(r)*T,+ (x) A — (/™),r,7_,,,(2/) A V^ x 



(pfc): 



dV™(x) A d^^„(x) A -L(r)*r+ (x) A -L{r%T-_^ ^{y) av] 

.fc)2 ttg Cg j 

We have already bounded the first term of the product in p^ . we have a similar 
bound for the other term. Hence, the product is bounded by: 

We now control the term in dd'^(/3„(x). We use that ||(y9||c2(/")*(aj) ± dd'^tpn > (see 
Step 3' in previous section). It implies that: 

\\ij\U\ip\\c2irnu;) ± XA{x)U{y)^m{y)dd-Vn > 0. 
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That gives: 



XA{x)U{y)i^,n{y)dd'vn{x) A — (/«)*r+ (x) 

)fc\2 fl' 



^-i^un*T^^sAy)^y 



< 



i^ - ||V||oo||^||c^(r)*(^ A T+ (x)) A -L(/'"),T-_, ^(y) A F, 

where we use that the right-hand side integral is taken outside /(/"). Using Lemma 
14.21 gives the bound: 






(pfc) 



^rf;;r(/™)*rfe"-.,e(y)AV^ 



< 



K\\ip\\c^\\M\ooVS . 
The term in ddf^ipm is the same. That proves the point ([9]) of the proposition. 

Assume now furtheremore that / is a regular birational map. Then the proof is 
the same except that we have a better estimate than the one of Lemma [4.21 Indeed, 
the quantity: 

, ^(/")*(.,AT+)At/^(„ 

converges to Uj,- (^(/")*(lj A T+)). The current ^(/")*(w A r+) has mass one 
and support contained in Supp(r+). Since / is regular, Uj.- {-j;^{f'^)*{uj A r+)) is 
uniformly bounded in n. The inequality pOp follows. D 

We now prove the exponential decay of correlations. 

Proof of Theorem \l.ll Using the interpolation's argument of Dinh and Sibony, it is 
sufficient to consider the case where a — 2 ([5j [Corollary 6.2]). Let uq :— [N/k] be the 
integer part of N/k. We write n = {k — s)no and m — suq + r so that < r < fc and 
n + m = N. In what follows, the constant Ci changes from line to line still remaining 
independent of (p, ip and N . Applying the previous proposition to such n and m 
implies: 



^i{pof^.4,)-^Ji{p)^Ji{^) = ^(^o/".v^or™)-^(^V(V') 



<CMcAmcA'/5 " + Vd ") 



<CM\cAMcAV¥~^ ° + Vd^'°Vd ). 
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Now, we use that 5'^ ^ — d'^ and that \/d only take finitely many values. So: 

fj.{ip o f^ .iP) - fj,{Lp)fj,{il;) < Ci\\(p\\c2\\tp\\c^V(f 

<ciMc2mc2Vd ^'=J 

— sN 

This is exaclty what we want. The regular case is the same using the better bound of 
the previous proposition obtained in that case. D 
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